A new polarimetry method is demonstrated to image the entire Mueller matrix of a turbid sample using four photoelastic modulators (PEMs) and a charge coupled device (CCD) camera, with no moving parts. Accurate wide-field imaging is enabled with a field-programmable gate array (FPGA) optical gating technique and an evolutionary algorithm (EA) that optimizes imaging times. This technique accurately and rapidly measured the Mueller matrices of air, polarization elements, and turbid phantoms. The system should prove advantageous for Mueller matrix analysis of turbid samples (e.g., biological tissues) over large fields of view, in less than a second. Polarized light is used for metrology in many areas such as aerosol detection, semiconductor wafer inspection, and biomedicine. The most complete polarimetry methodology is to measure a sample's 16-element (4 × 4) Mueller matrix, a polarization transfer function that describes its interaction with (fully or partially) polarized light. Mathematically, ⃗ S out M ⃗ S in , with M the Mueller matrix, and ⃗ S in and ⃗ S out Stokes vectors that describe light polarization before and after sample interaction. Stokes vectors contain four elements, ⃗ S i q u v T , where i is light intensity, q describes horizontal and vertical polarization, u describes 45°and −45°polarization, and v describes circular polarization. A sample's Mueller matrix contains information about structure and composition, often expressed as depolarization, retardance, or optical rotation. In biomedicine, optical rotations reveal glucose levels in turbid media [1, 2] ; linear retardances in ex-vivo rat myocardia reveal structural damage and regeneration with stem-cell therapy [1, 3] ; changes in bladder wall morphology due to outlet obstruction are localized [4] ; and depolarization correlates with cancer grade in human cervix [5] and colon [6, 7] , and radiofrequency ablation lesion extent in the heart [8] .
Polarized light is used for metrology in many areas such as aerosol detection, semiconductor wafer inspection, and biomedicine. The most complete polarimetry methodology is to measure a sample's 16-element (4 × 4) Mueller matrix, a polarization transfer function that describes its interaction with (fully or partially) polarized light. Mathematically, ⃗ S out M ⃗ S in , with M the Mueller matrix, and ⃗ S in and ⃗ S out Stokes vectors that describe light polarization before and after sample interaction. Stokes vectors contain four elements, ⃗ S i q u v T , where i is light intensity, q describes horizontal and vertical polarization, u describes 45°and −45°polarization, and v describes circular polarization. A sample's Mueller matrix contains information about structure and composition, often expressed as depolarization, retardance, or optical rotation. In biomedicine, optical rotations reveal glucose levels in turbid media [1, 2] ; linear retardances in ex-vivo rat myocardia reveal structural damage and regeneration with stem-cell therapy [1, 3] ; changes in bladder wall morphology due to outlet obstruction are localized [4] ; and depolarization correlates with cancer grade in human cervix [5] and colon [6, 7] , and radiofrequency ablation lesion extent in the heart [8] .
Mueller matrix elements of an unknown turbid sample are independent, thus full determination requires at least 16 polarimetric measurements. The simplest technique is mechanical alterations of polarization elements before and after a sample. However, this is time-consuming and prone to random and systematic errors, a low SNR scenario undesirable for thick turbid heterogeneous samples. Further, long measurements increase sensitivity to sample motion artifacts.
Polarimetry has seen many recent advances to measure the Mueller matrices of turbid media with improved accuracy and speed. Snapshot polarimeters, based on diffractive components, encode and detect polarizations via spatial frequency filters, use no moving parts, and are the fastest Mueller imagers; however, images are subject to artifacts and information loss due to spatial filtering [9] . Another approach is to replace static polarization optics with switchable or dynamic ones. For example, switchable liquid crystals (LCs) can measure Mueller matrices in seconds [7, 10, 11] . This study used photoelastic modulators (PEMs, Hinds Instruments), which are superior to LCs in modulation efficiency and clear aperture size (15-30 mm, frequency dependent) [12] . Fast, accurate polarization modulation enables quick, sensitive Mueller matrix determination. The PEMs' piezoelectric transducers induce rapid birefringence modulation in isotropic crystals (e.g., silica) via the photoelastic effect. Light traversing the crystal acquires variable retardance, δ i t, at its resonance frequency (20-100 kHz), f i :
where δ 0i is amplitude and φ i is phase (0 to 2π). Amplitudes are user controlled, but PEM relative phases are initially unknown. Rapid retardance modulations are well-suited for sensitive measurements, since signal oscillations recorded by a point detector (e.g., photodiode) can be sensitively demodulated via synchronous lock-in detection at PEM frequencies (or harmonics). Such nonimaging schemes are suitable for point sensing or point scanning to slowly form images. To enable wide-field imaging with comparably high SNR, imaging detectors (e.g., CCD camera) with alternative synchronization gating are needed. Previously, we reported a simpler two-PEM system able to image Stokes vectors (polarizations) of light with a CCD and field programmable gate array (FPGA)-assisted sequential gating [13] . Unknown Stokes vectors were imaged in 80 ms, with no moving parts or beam steering. However, to characterize a turbid sample, its full Mueller matrix must be imaged. We recently proposed a solution using four PEMs [14] . Here, a working four-PEM Mueller matrix imaging system is revealed.
The imaging system is depicted in Fig. 1 ) and a polarizer (45°, M P2 ) before reaching a CCD camera (PIMAX-3, Princeton Instruments). Camera acquisition was triggered by an FPGA (Altera DE2). Similar to [14] , polarization reaching the CCD is timevariant, due to dynamic PEM birefringences, and is found by multiplication of PSG, PSA, and sample Mueller matrices:
After multiplying PSG/PSA matrices, intensity at the CCD is
with ⃗ Z t a 16-element row vector determined by PSG and PSA: 
where the vector on the left contains intensities from N ≥ 16 time points. Z is an N × 16 "system matrix" determined by the PSG and PSA optics at each time point. It is defined as
If Z is invertible, the Mueller matrix is found as
Z −1 is the inverse system matrix. If N >16, Z is overdetermined and its pseudoinverse is used for Mueller recovery.
To ensure a stable solution of ⃗ M , Z must be nonsingular and stable in the presence of measurement errors. One method is to select a system matrix with low condition number [16] , κZ, the ratio of largest to smallest singular values. Minimizing κZ effectively minimizes recovery error in ⃗ M with respect to measurement errors in it i [16] . To use time points that generate low κZ, enabling robust Mueller recovery through Eq. (9), it is first necessary to set accurate imaging times and measure exact PEM parameters.
To ensure accurate timing of image acquisition, the previously exhibited FPGA-assisted time gating methodology with two PEMS and a CCD [13] was extended to four PEMs. Briefly, a 32 bit, 50 MHz FPGA counted rising edges of each PEM modulation signal and locked onto a unique phase relation between all four PEMs (i.e., unique integer count of rising edges for each PEM, within a short time). When this relation occurred (within 60 ns error), the FPGA sent a trigger to the CCD to gate intensity for 0.5 μs. CCD image acquisition took approximately 20 ms. To enable sequential gating, CCD gating was delayed in 
-PEM modulation (500 out of 1000 μs), despite PEMs going through multiple periods. For example, image 1000 was recorded after a 500 μs (1000 × 0.5 μs) delay. The acquisition scheme is depicted in Fig. 1(b) .
To estimate the PEM phases, a similar calibration procedure to [13] was followed, using three samples with known Muller matrices (hereafter referred to as "calibration samples"): blank (air), polarizer (45°), and quarter-wave plate (QWP, 0°). Transmission geometry was used, but the setup could be extended to reflection [as per Fig. 1(a) ]. For each sample, images at 1000 time points, evenly spaced from t 0 to 500 μs (half period of PSG/PSA modulation), were recorded with the CCD. The center 3 × 3 pixel area of each image was averaged to generate experimental intensity versus time plots (Fig. 2 ). An evolutionary algorithm (EA) [17] was then used to find the PEM phases. Briefly, the EA started with a random set of PEM phases (parents), which evolved by iterating combinations of two operators: asexual and sexual mutations [17] . After each iteration, the sets of PEM phases were used to simulate intensity patterns for each calibration sample, via Eq. (3) (along with known PSG/PSA parameters, see Fig. 1 , and ideal sample Mueller matrices, Table 2 ). For each set of PEM phases, the correlation between simulated and experimental intensity patterns was calculated for all three calibration samples, and these correlations were averaged. The set of phases that maximized this average correlation survived to generate more candidate sets (offspring). The EA was run until correlation was high and no longer increasing. This yielded PEM phases φ 1 325.4°, φ 2 338.0°, φ 3 63.60°, and φ 4 297.4°.
To demonstrate the calibration efficacy, intensity patterns for a blank (air) sample are shown in Fig. 2(a) . Excellent agreement is seen between experiment and simulation with EA derived PEM phases (correlation 0.9936). Similar results were found for "noncalibration" samples (not used to find PEM phases) [e.g., 45°QWP, Fig. 2(b) ]. All results are in Table 1 .
Once PEM parameters were known, a new EA was used to find a subset of imaging times that minimized the condition number of Z (giving κZ 3.43). An overdetermined system matrix (N 50 versus the minimum 16) was used to further limit sensitivity to measurement errors. More time points could be used but with increased imaging time; 50 time points offered balance between speed (~1 s) and accuracy in Mueller matrix recovery. The acquisition can be adjusted so only these optimal time points (t i to t 50 ) are imaged, as opposed to all 1000 used to find PEM phases.
Using experimentally determined PEM phases and optimal time points, system matrix Z was derived and used for Mueller matrix recovery, via Eq. (9). Recovered Mueller matrices for calibration and unknown samples are in Table 2 , and two representative images are in Fig. 3 . Spatial variance from the center may be due to photons that passed through the PEMs at offaxis angles, acquiring slightly different retardances. To evaluate performance, differences between theoretical and experimental Mueller matrices were calculated ( Table 2 ). The largest error in any matrix element, for all five samples, was 0.073 (M 44 of 45°QWP). These minor differences between theory and To demonstrate the capability of the system for arbitrary sample analysis, a thick (d 4 mm) turbid birefringent biological phantom (elastic polyacrylamide polymer) [18] was synthesized and imaged. When stretched, these phantoms exhibit birefringence, Δn, along the axis of strain (Δn 4.1 × 10 −5 per mm of extension [2] ). Turbidity (μ s 6 cm −1 from Mie theory [19, 20] ) was created with polystyrene microsphere scatterers (0.96 μm diameter, refractive index 1.59, Bangs Laboratories). The four-PEM system was used to image the Mueller matrix of the phantom when unstretched and following 4 mm of stretch directed along the 90°axis [Figs. 4(a)-4(b) ]. Polar decomposition [21] was used to reveal the depth-integrated effect of birefringence, namely linear retardance. Retardance images are shown in Figs. 4(c)-4(d) . Prior to being stretched, the phantom exhibited a "background" mean linear retardance magnitude of 8.4°. This nonzero retardance is due to background strain exerted by the stretching mount. After stretching, the retardance was 47.4°ori-ented at 93°. This increase in retardance with 4 mm of stretch (47.4°-8.4° 39.0°) agrees well with the prediction (δ 2π∕λΔnd 35.6°), as does the retardance direction (93°).
As we previously described [14] , many configurations of the four-PEM polarimetry system are possible. PEM orientations, PEM retardance amplitudes, and PSG/PSA polarizer orientations can be adjusted. PEM frequencies can also be adjusted, although discretely, with less flexibility. It may be possible to improve sensitivity by selecting these parameters to further minimize the condition number of the system matrix. Other potential improvements include optimization of CCD integration time, increased sampling rate to improve estimation of PEM phases, and increased averaging to reduce random noise. A full study on error sources will be done in the future. Imaging speed is limited by CCD image acquisition, approximately 20 ms. Mueller matrix recovery with 50 images thus takes about 1 s of total imaging time. System improvements may permit as few as 16 images (320 ms) for Mueller matrix recovery. At these rates there is potential for dynamic, near-real-time Mueller matrix imaging (1-3 frames per second) .
In summary, a rapid PEM-based wide-field Mueller matrix imaging system with high SNR has been demonstrated to image arbitrary turbid samples, with no moving parts, large field of view, and no degradation due to spatial filtering. Future work will quantify and reduce error sources and extend the platform to biological tissue analysis.
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